Abstract. Second-order, vector bundle-valued di erential operator invariants of Riemannian and pseudo-Riemannian conformal structure are completely classi ed. In particular, calculations leading to di erential form operators of Branson (Comm. Partial Di erential Equations 7 (1982) 392{431) and operators of W unsch (Math. Nachr. 129 (1986) 269{281) and of Jenne (Ph.D. thesis, University of Washington, 1988) on trace-free symmetric tensors are generalized. It is shown that in any dimension n 3, in nitely many of these operators are elliptic when the underlying metric is Riemannian, and that an in nite subfamily of these have positive de nite leading symbol, though only the Yamabe operator (conformal Laplacian) has metric leading symbol. In the special case of the standard sphere S n , the spectral resolutions of many of these operators, as well as those of the Laplacians of all SO(n)-and Spin(n)-bundles, are calculated. Applications of the operators to representation and anomaly theory are indicated. As a side bene t of the investigation into the de niteness of the leading symbol, new results on rst-order generalized Stein-Weiss systems are obtained.
Conformal transformation and conformal change of Riemannian and pseudo-Riemannian metrics have long been important processes in Mathematics and Physics. On the transformation side, there is an immense literature, covering nearly eighty years, on the the conformal covariance of physical eld equations, and the consequences for the representation theory of the fteen-dimensional conformal transformation group of four-dimensional Minkowski, de Sitter, and compacti ed Minkowski space. The idea of conformal change of metric rst became important in classical relativity theory; more recently, it has served as the framework for the Yamabe problem of prescribing constant scalar curvature on a compact Riemannian manifold. Now, with the advent of anomaly and string theories, interest in conformality from both points of view is becoming even more keen.
The unifying instruments in the study of conformality are linear partial di erential operators which are nicely behaved under conformal change or transformation, the conformal covariants. The best-known conformal covariant is the conformal Laplace-d'Alembert operator Y : given a pseudo-Riemannian metric g on a smooth manifold M of dimension n 2, form the Levi-Civita connection r and the ordinary Laplace-d'Alembert operator = r r on functions. . Though the resulting problem is only quasilinear, the conformal properties of the linear di erential operator Y and its Green's function are used essentially and repeatedly in its solution. In representation theory and Physics, Y is perhaps most familiar in its four-dimensional Lorentz metric incarnation +K=6. Indeed, a precursor of the Yamabe problem was the old idea of classical relativity theory that the conformal factor u = should satisfy an extra eld equation guaranteeing constant scalar curvature: u + 1 6 Ku = 1 6 Ku 3 ; K constant. In the group representation-theoretic viewpoint that grew up around quantum theory, the operator +K=6 is invariant for the Lorentz (isometry) group and covariant (intertwining) for the conformal group. The space N( + K=6) of solutions to the conformal wave equation thus carries a representation of the conformal group. Di erentiation with respect to time then enters as a secondary covariant (an operator which is intertwining only within N( + K=6)) to separate positive and negative frequency subspaces. Other conformal covariants familiar in pseudo-Riemannian geometry, representation theory, and Physics are the Maxwell operator d on vector potentials ((n ? 2)=2-forms for even n) and the Dirac operator on spinors.
Though the theories of conformal transformation and conformal change of metric have much common ground, there are important di erences. In general Riemannian or pseudoRiemannian geometry, conformal covariants are not operators on xed spaces, but operator schemes which assign a di erential operator to each pseudo-Riemannian manifold in a natural, universal manner. Here it is sometimes best to think of conformal covariants as acting between certain density bundles; so realized, they are conformally invariant: though appearing in their construction to depend on the full metric tensor, they actually depend only on its conformal class. In group representation theory, on the other hand, conformal covariants are concrete di erential operators on very special spaces. Since their importance in this setting derives from their role as intertwining di erential operators between di erent representations, it is most useful to keep the vector bundle xed and to think of the operator as moving in a simple, predictable way under conformal transformation; that is, to view the operator as being only covariant. Some of these di erences are just matters of viewpoint and terminology, but one can distill a real mathematical di erence: a conformal covariant must have vanishing in nitesimal conformal variation in the appropriate sense. Roughly speaking, the in nitesimal conformal variation of a natural di erential operator is another di erential operator whose coe cients are polynomial expressions in jets of the conformal factor and of the curvature of the initial metric. But the conformal factors actually implemented by in nitesimal conformal transformations (conformal vector elds) make up only a nite-dimensional space, even for very symmetric metrics. The result is that there are many linear relations among the jets of conformal factors in the transformation sense, and thus it is a priori much easier to have a conformal covariant in this sense. Put another way, conformal transformation covariance only requires the conformal variation to lie in a very large ideal in the algebra of jets, where covariance under conformal change requires the conformal variation to vanish.
In this paper, we are concerned with di erential operator invariants D of conformal change of metric in arbitrary pseudo-Riemannian manifolds of dimension n 3. We require that D be a natural di erential operator; that is, that it act between two tensorspinor bundles; and that it be built universally and polynomially in local coordinates from the metric tensor, its inverse, and its derivatives, and, if available, an orientation and/or spin structure. In addition, we require that D have a conformal property like (0.1): if the metric tensor g undergoes a variable scaling, g = 2 g, 0 < 2 C 1 (M), and if the volume form E and/or fundamental tensor-spinor (when available) undergo the compatible scalings, E = n E, = ?1 , then
for some a; b 2 R. Our main result is a classi cation of all such operator schemes which are universally second-order; that is, which produce a second-order operator when realized in any metric. For these purposes, we shall not consider an operator like K to be secondorder, since it is zeroth-order for some metrics. This restriction is motivated by the basic intractability (at present) of the classi cation problem for conformal covariants of order less than or equal to two. Indeed, even the work of Fe erman and Graham FG] on conformally invariant scalar quantities (from our point of view, zeroth-order operators acting between scalar bundles) falls short of a classi cation. We shall also work \modulo zeroth order" in another way: the second-order operators we nd are the unique ones acting between their domain and target bundles up to multiplication by a constant factor, and up to addition of an action of the Weyl conformal curvature tensor. It is a straightforward problem in the ( nite-dimensional) representation theory of the rotation and spin groups to determine when such Weyl tensor actions exist, but we do not pursue this here.
In spite of the fact that the familiar conformal covariants have proven so useful, it is only fairly recently that attempts have been made to nd large classes of such operators. In 1976,
Fegan Feg] took on the problem of classifying universally rst-order conformal covariants, and found that they are exactly the gradients and Dirac operators: operators P r on some bundle V which is irreducible under the special orthogonal or spin group H of the metric, P being the projection onto one of the irreducible bundle summands of T M V . In 1982, the present author B1] found an important class of second-order conformal covariants Graham, reproduced many of the above operators, and discovered several new operators which act between trace-free symmetric tensor bundles of di erent degrees.
In the interest of heading o some common misunderstandings, two remarks are in order. First, the operators under consideration here are not Higgs operators, obtained by taking a xed Hermitian bundle E with metric-independent connection r, tensoring with a scalar density bundle, and then forming the corresponding Yamabe operator r r + (n ? 2)K=4(n ? 1); this constuction is relatively trivial from our point of view.
The operators considered here are rather invariants of conformal change for the induced (metric-dependent) Levi-Civita connections on their domain and target bundles. As a matter of fact, among all second-order conformal covariants beginning and ending in the same H-bundle (and there are in nitely many in each dimension n 3), only the Yamabe operator has metric leading symbol (Theorem 3.23 below). Of course, a Higgs construction can be applied to any of these operators, and the resulting objects will automatically be conformally covariant. Second, our results are completely independent of the signature (p; q) of the metric tensor, and in particular apply equally well to Riemannian and Lorentzian geometry. This can be seen as a consequence of the fact that tensor calculus can be reduced to algebraic computation with axioms into which the dimension, but not the signature, enters; a rigorous version of this reasoning can be found in, e.g., B 2, Proposition 7.1]. Alternatively, this principle of analytic continuation in signature can be seen as an instance of the unitary trick, as applied to the nite-dimensional representations of the structure groups SO(p; q); Spin(p; q) to which tensor-spinor bundles are associated.
One perhaps surprising aspect of our classi cation is the radical di erence it reveals between odd and even dimensions: an irreducible H-bundle \almost always" supports a second-order conformal covariant in odd dimensions, \almost never" in even dimensions. This di erence is nearly invisible when one studies only second-order operators on the very special bundles of di erential forms, trace-free symmetric tensors, and Dirac spinors, and was only dimly glimpsed in investigations of higher-order operators. Analogous di erences were, however, discovered by Fe erman and Graham in their work on conformally invariant scalar quantities.
One of the main motivations for this work is the prospect of applications to index and anomaly theory, as in B 1-B 4]. Accordingly, much e ort has been devoted here to the determination of when second-order conformal covariants, in their Riemannian incarnations, are elliptic, and when they have positive de nite leading symbol. From the point of view of anomaly theory, the \best" operators are those which, like the Dirac operator, are elliptic with inde nite leading symbol; on compact Riemannian manifolds, these produce spectral invariants via their zeta and eta functions. For an operator with positive de nite leading symbol, the zeta function is still a powerful tool, but the eta function is not very interesting. Our result is that there are in nite supplies of all three kinds of second-order conformal covariants (beginning and ending in the same H-bundle): non-elliptic, elliptic with inde nite leading symbol, and elliptic with positive de nite leading symbol. Another important motivation for this work is the prospective application to the decomposition problem for natural, in nite-dimensional representations of the groups SO 0 (p + 1; q + 1). For the groups SO 0 (n; 2), some of this program has already been carried out in B8]. To set the stage for these applications, we have explicitly calculated the spectra of all the bundle Laplacians r r, and of almost all of the second-order conformal covariants, in the special case of the sphere S n . These calculations also have implications for the ellipticity questions mentioned above: for universal operator schemes on Riemannian manifolds, invertibility and positivity properties of the leading symbol are insensitive to the choice of metric tensor, and so can be measured in any example. This paper relies heavily on results in Fegan's 1976 paper, especially his computation of the conformal bidegrees (the (a; b) of (0.2)) of the gradients and Dirac operators, and on the basic idea of the construction of the di erential form operators D 2;k in the author's 1982 paper. This idea, pushed to its logical conclusion with the help of some machinery from the representation theory of the rotation and spin groups, remains central in the construction of the general second-order conformal covariant which begins and ends in the same irreducible H-bundle V . The idea is to study a certain linear transformation C on the space Hom H (T M T M V; V ), the input of which is associated with the second-order symbol of a di erential operator D, and the output of which is associated with the rst-order symbol of its conformal variation. If one can \get past rst order", that is, if this output is zero, then some invariant theory implies that there is a zerothorder Ricci tensor correction Z with D + Z conformally covariant. The most important piece of data is the behavior of C relative to the splitting of T M T M into symmetric and antisymmetric two-tensors. In general, the present approach departs from the recent approaches of B7, W2] which, in disguised form, use the Cartan connection on a principal bundle whose ber is a parabolic subgroup of SO 0 (p + 1; q + 1), and of FG, Je], which translate problems about invariants of conformal structure to problems about invariants of pseudo-Riemannian (resp. projective) structure in a bigger, \ambient" space of dimension n + 2 (resp. n + 1). In this paper, gradients and Dirac operators on the base space are the fundamental objects.
Somewhat less clear is the relation of the present approach to that of Eastwood and
Rice ER] and of Baston Bas]. On one hand, they impose holomorphicity conditions, associated with the twistor approach, on their conformal covariants, which might tend to narrow the class of operators involved, but on the other hand, they treat conformal covariance in the group sense, which might tend to widen the class. Of the examples mentioned above, D 4 seems to appear in their picture, while the D 2;k seem not to. ER]
gives a complete classi cation of conformal covariants of the appropriate type in four dimensions, and Bas] nds several operators in higher dimensions. Earlier, Jakobsen Jak] had given a classi cation of holomorphic conformal covariants on four-dimensional complexi ed Minkowski space and its various Shilov boundaries, including the at and compacti ed Minkowski spaces. This paper is organized as follows. In Sec. 1, we set up the machinery necessary to view conformal covariants as di erential operator invariants of G-structure on manifolds, G being the group R + SO(n) or its cover R + Spin(n), and show that there are strong restrictions on the behavior of conformal covariants under formal adjunction (Lemma 1.5). In Sec. 2, we review the representation theory of G to get a classi cation of G-bundles (the prospective domain and target bundles for conformal covariants). We also survey the implications of Weyl's invariant theory to restrict the list of candidates (determine the H-operators). One upshot is that knowledge of the leading symbol, together with Hinvariance, provides control over the top two terms of a di erential operator, not just the leading term; combined with Lemma 1.5, this, together with some observations in Sec. 3, shows that we can assume that a second-order conformal covariant beginning and ending in the same bundle is formally self-adjoint, and that its conformal bidegree is predetermined. In Sec. 4.a, we classify second-order conformal covariants acting between di erent Hbundles. This problem is somewhat easier; the important tools are again Kostant's and Fegan's formulas. As special cases of such operators, we get the di erential form operators D 2;n=2 in even dimensions (which reverse the Hodge -duality, and thus act between different SO(n)-bundles), and some operators on trace-free symmetric tensors discovered by
Jenne Je]. Applying another operator of this type to the Weyl tensor in dimension four, we get the conformally invariant Bach tensor.
As the rst step in calculating the spectra of our conformal covariants in the special case of the standard sphere S n , we calculate the spectra of all the H-bundle Laplacians r r in Sec. 5.a. This generalizes results of Gallot and Meyer GM] and of Ikeda and Taniguchi IT] in the case of di erential forms. We then generate the spectra of the conformal covariants D, which do not have leading term r r, using the Lie algebra so(n + 1; 1) of conformal vector elds to move among the eigenspaces of r r. It turns out that D and r r are simultaneously diagonalizable, and, if certain pathologies are avoided, that quotients of eigenvalues of D on \neighboring" eigenspaces can be written in terms of di erences of eigenvalues of r r. Among the main tools in this section are Frobenius reciprocity, and a \generic irreducibility" theorem of Bruhat.
Secs. 1{5 all take place in dimension n 3; the problem of two-dimensional conformal covariants is taken care of in Sec. 6.a. The rest of Sec. 6 is devoted to prospective applications (especially to representation and anomaly theory) and to goals for future research (especially on higher-order operators). Some very interesting and relevant prospects, for example, conformally covariant pseudo-di erential operators and conformally covariant boundary value problems, have not been touched on at all.
The main results of this paper are Lemmas 1.5 and 2.9 relating conformal covariance, self-adjointness of the leading symbol, and formal self-adjointness of a di erential operator; Theorem 3.1, which gives an explicit formula for a very general conformal covariant; Theorem 3.14 classifying second-order conformal covariants beginning and ending in the same bundle; Remark 3.20 on generalized Stein-Weiss systems; Theorems 3.21 and 5.18 on the positive de niteness of the leading symbol; Theorem 4.4 classifying second-order conformal covariants acting between di erent bundles; Theorem 5.1 and Corollary 5.2 on the spectral resolution of the bundle Laplacians r r; and Theorem 5.11 on the spectral resolution of the conformal covariants.
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